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With a novel 3D discrete-element method specially developed with adhesive contact mechanics,
random loose packings of uniform spherical micron-sized particles are fully investigated. The results
show that large velocity, large size or weak adhesion can produce a relatively dense packing when
other parameters are fixed, and these combined effects can be characterized by a dimensionless
adhesion parameter ( Ad = ω/2ρpU
2
0R). Four regimes are identified based on the value of Ad: RCP
regime with Ad <∼ 0.01; RLP regime with ∼ 0.01 < Ad < 1; adhesion regime with 1 < Ad < 20
and an asymptotic regime with Ad > 20. Force distribution of these adhesive loose packings follows
P (f) ∼ fθ for small forces and P (f) ∼ exp−βf for big forces, respectively, which shares a similar form
with that in packings without adhesion but results in distinct exponents of θ = 0.879, β = 0.839.
A local mechanical equilibrium analysis shows that adhesion enhances both sliding and rolling
resistance so that fewer neighbours are needed to satisfy the force and torque balance.
1 INTRODUCTION
Jammed particle packings have been studied to under-
stand the microstructure and bulk properties of liquids,
glasses and crystals [1, 2] and frictional granular mate-
rials [3, 4]. Two packing limits have been identified for
disordered uniform spheres: the random close packing
(RCP) and random loose packing (RLP) limits [1, 5–
11]. The upper RCP limit is reproduced for frictionless
spheres at volume fractions φ ≈ 0.64 and has been associ-
ated with a freezing point of a first order phase transition
[12–15], among other interpretations [2, 16]. Only in the
presence of friction, packings reach lower volume fraction
up to the RLP limit φRLP ≈ 0.55 for mechanically sta-
ble packings [6, 8, 11]. However, most packings of dry
small micrometer-sized particles in nature are not only
subject to friction, but also adhesion forces as well. For
instance, van der Waals forces generally dominate inter-
actions between particles with diameters of around 10m
or smaller. In this case, the adhesive forces begin to over-
come the gravitational and elastic contact forces acting
on the particles and change macroscopic structural prop-
erties [17, 18].
Despite the ubiquity of adhesive particle packings in
almost all areas of engineering, biology, agriculture and
physical sciences [18–21], there have been few systemati-
cally investigations of these packings [22–27]. The multi-
coupling of adhesion, elastic contact forces and friction
in the short-range particle-particle interaction zone and
their further couplings with fluid forces (e.g. buoyancy,
drag and lubrication) across long-range scales make it
highly difficult to single out the effect of the adhesion
forces, let alone to investigate the packing properties
∗lishuiqing@tsinghua.edu.cn
experimentally. With the progress of computer simula-
tion techniques, discrete element simulation has become
an efficient and accurate method to study the packing
problems of micron-sized particles [17, 22, 27], which are
rather difficult to achieve in the experiment condition.
In a dynamic packing process, particles will be arrested
and eventually form a packing when all the kinetic energy
is dissipated after a series of collision. To better under-
stand the dynamic behavior during the packing process,
various dynamic models were proposed to describe the
impact process with a combination of quasi-static con-
tact theories and dissipation mechanisms [17, 18, 28–30].
While the dissipation mechanisms account for the dy-
namic effects such as viscoelasticity, the quasi-static con-
tact theories fundamentally describe the contact between
particles, of which Hertz contact theory is the most suc-
cessful to characterize the relation of applied forces and
contact area of non-adhesive particles. However, as par-
ticle sizes go down to micron scales, van der Waals ad-
hesion becomes the most important interaction. Several
mesoscale models are put forward to describe the effects
of van der Waals adhesion on the elastic forces between
static contacts of particles, among which the JKR (John-
son, Kendall and Roberts), DMT (Derjaguin, Muller
and Toporov) and M-D (Maugis-Dugdale) models are
widely accepted ones [31–33]. Recently, Li and Marshall
[34], and Marshall [35] developed a three-dimensional,
mesoscopic discrete-element method (DEM) for adhesive
micron-sized particles based on the JKR model, which
has been successfully applied to dynamic simulations of
micron-particle deposition on both flat and cylindrical
surfaces with experimental validations [17, 36]. With
this approach of adhesive DEM, both macroscopic and
microscopic parameters during the dynamic process can
be predicted.
Previous studies using a discrete element method
(DEM) have found that the packing fraction decreases
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2for adhesive micron-sized particles in a range of φ =
0.165 − 0.622 with smaller sizes [22]. A similar result
of φ ≈ 0.2 − 0.55 was found for 4 − 52µm particles
both in simulation and experiment [27]. As for other
experimental investigations, a random ballistic deposi-
tion and fluidized bed technique was used respectively
to produce the packing fractions of φ = 0.15 − 0.33 for
both uncompressed and compressed samples [24] and of
φ = 0.23 − 0.41 with particle diameter of 7.8 − 19.1µm
[23]. From these studies, we can conclude that for
micron-sized particles, packing density has a positive cor-
relation with particle size. Nevertheless, the effects of
other physical parameters, such as velocities, strength of
adhesion, frictions etc., on the packing process have little
been discussed or analyzed.
In this paper, a prototypical packing system is intro-
duced for the simulation of random loose packings of soft-
sphere, non-Brownian, uniform adhesive particles with a
discrete element method. We explore the very low den-
sity regime of small particles with van der Waals adhe-
sion interaction by changing physical parameters. The
effects of particle velocity, size and work of adhesion on
the packing properties are investigated via a dimension-
less adhesion parameter. The paper is organized as fol-
lows: the adhesive DEM simulation approach based on
the JKR theory is described in detail in Section 2.1; the
simulation conditions and parameters used in this work
are given Section 2.2; and the results and discussions
about the effects of the physical parameters on the pack-
ing properties are included in Section 3. Section 4 gives
the conclusions.
2 MODELS AND METHOD
2.1 Computational Method: Adhesive DEM
In a novel DEM framework specifically developed for
adhesive grains [17, 18], both the transitional and rota-
tional motions of each particle in the system are consid-
ered on the basis of Newton’s second law.
m
dv
dt
= FF + FA,
I
dΩ
dt
= MF +MA,
(1)
where v and Ω are, respectively, velocity and rotation
rate of an individual particle, m is the particle mass, and
I = (2/5)mr2p is the moment of inertia. In a vacuum
system that may apply for problems of interstellar dusts,
the fluid forces and torques acting on the particle, FF
and MF , are ignored. FA denotes the collision and the
van der Waals adhesion forces in the equation for transla-
tional motion. Meanwhile, in the equation for rotational
motion, MA denotes the sum of the collision and van der
Waals adhesion torques on the particle. They include
FA = Fnn+ Fsts,
MA = rpFs(n× ts) +Mr(ts × n) +Mtn,
(2)
where Fn is the normal force including adhesively
elastic contact force and damping force, Fs is the
tangential force due to the sliding friction, Mr is the
rolling resistance and Mt is the twisting resistance. rp
is the particle radius. n, ts and tr are the normal,
tangential and rolling direction unit vectors, respectively.
Normal Elastic and Adhesive Forces
The normal force acts in the direction of the unit vector
n which points parallel to the line connecting the centers
of the two particles, denoted by i and j, such that n =
(xj−xi)/ |xj − xi|. We consider two particles with radii
ri and rj , elastic moduli Ei and Ej , and Poisson ratios
σi and σj . An effective particle radius R and effective
elastic moduli E and are defined by
1
R
=
1
ri
+
1
rj
,
1
E
=
1− σ2i
Ei
+
1− σ2j
Ej
. (3)
The particle normal overlap δN is defined by δN =
ri + rj − |xi − xj | , where xi and xj denote the parti-
cle centroid positions. The particle normal adhesive and
elastic forces are written together as FA = Fnn, where a
Lennard-Jones like formula for FA between two particles
is proposed (see more details in [18, 19])
Fn
FC
= 4(
a
a0
)3 − 4( a
a0
)3/2,
δN
δC
= 61/3[2(
a
a0
)2 − 4
3
(
a
a0
)1/2],
(4)
which are in turn based on the JKR theory, as a3 =
3
4R[Fne + 3piRω +
√
6piRωF + (3piRω)2]/E, here a(t) is
the contact region radius and ω is work of adhesion due
to van der Waals interactions (namely twice the surface
energy ω = 2γ) of two contacting particles [31]. The JKR
model assumes that the adhesive force is only acting in-
side the contact radius a, and results in a larger contact
area than the classic Hertzian contact, a > ah. Basi-
cally, in contrast to the DMT model (Derjaguin-Mueller-
Topprov), the JKR model is appropriate for compliant,
adhesive particles for which the particle’s Tabor parame-
ter is large than unity, implying the length scale of elastic
deformation is larger compared to the length scale of the
adhesive force [18]. Then, the critical force and overlap,
FC and δC , and the equilibrium contact radius a0 are
given by
FC =
3
2
piωR, δC =
a20
2(6)1/3R
, a0 = (
9piωR2
2E
)1/3. (5)
3Typical values of ω are about 10−30mJ/m2, from either
measurements [37] or Lifshitz theory’s predictions.
Rolling Resistance
The rolling resistance exerts a torque on the particle
in the Mrtr×n direction, where tr is the direction of the
“rolling” velocity. An expression for the rolling displace-
ment of arbitrary-shaped particles is derived by Bagi and
Kuhn [38]. Taking the rate of this expression and special-
izing to spherical particles of equal size yields an equation
for the “rolling velocity” vL of particle i as
vL = −R(Ωi − Ωj)× n. (6)
An expression for the rolling resistance torque Mr is pos-
tulated in the form
Mr = −krξ · tr, (7)
where the direction of rolling is tr = vL/ |vL| and the
rolling displacement is ξ =
∫ t
t0
vL(τ)dτ . Rolling involves
an upward motion of the particle surfaces in one part of
the contact region and a downward motion in the other
part. The presence of an adhesive force between the
two contacting surfaces thus introduces a torque resisting
rolling of the particles. An expression for the rolling re-
sistance in presence of adhesion was derived by Dominik
and Tielens [19, 39], which yields the coefficient kr as
kr = 4FC(a/a0)
3/2. (8)
The critical resistance occurs when the rolling displace-
ment magnitude, ξ = |ξ|, achieves a critical value,
corresponding to a critical rolling angle θcrit = ξcrit/R.
For ξ > ξcrit, the rolling displacement ξ in Eq. 6 is
replaced by ξcrittr. It is noted, according to the mea-
surement by atomic force spectroscopy, θcrit is around
(0.6− 1.0)% [40].
Sliding and Twisting Resistance
As aforementioned, both sliding and twisting are rel-
atively rare for small adhesive particles rolling is gen-
erally the preferred deformation mode for agglomerates
of adhesive particles [18, 39]. It is therefore desirable
to introduce relatively simple expressions for sliding and
twisting resistance in the DEM framework. The stan-
dard sliding model for the case without adhesion is the
spring-dashpot model proposed by [41], for which the
sliding force Fs is given by a linear spring-dashpot,
Fs = −ktδt · ts − ηtvs · ts (ts is tangential direction),
when |Fs| < Fcrit and by the Amonton friction expres-
sion Fs = −Fcrit when |Fs| ≥ Fcrit. The twisting model
is given similarly as Mt = −kQ
∫ t
t0
ΩT (τ)dτ − ηQΩT with
ΩT = (Ωi − Ωj) · n the relative twisting rate [18]. All
the model parameters (kt, ηt, kQ, ηQ) are chosen based
on [36]. Here, a simple model proposed by Thornton [42]
and Thornton and Yin [43], agreeing reasonably well with
experimental data, is introduced. In this model, the only
influence of van der Waals adhesion on sliding force is
to modify the critical force Fcrit at which sliding occurs,
which is given by
Fcrit = µf |Fne+ 2FC | , (9)
where FC is the critical normal force given in Eq. 5 and µf
is a friction coefficient that is normally about 0.3. When
particles are being pulled apart, the normal force ap-
proaches −FC at the point of separation, at which point
the critical sliding force in Eq. 8 approaches µfFC . All
the values or ranges of µf , θcrit and FC are selected ac-
cording to the data from atomic force microscopy mea-
surements [37, 40, 44].
The same model with twisting resistance can be used
in the presence of adhesion, with the critical force Fcrit
used to obtain Mt =
3pi
16 aFcrit. For twisting moments
with magnitude greater than Mt,crit, the torsional
resistance is given by Mt = −Mt,crit.
2.2 Simulation Conditions
The generation of the packing starts with the succes-
sively random free falling of 1000 uniform spheres with
an initial velocity U0 at a height H under gravity. The
horizontal deposition plane has two equal edges of length
L along with periodic boundary conditions on both direc-
tions. A stable packing structure is achieved when all the
particles are settled after a time long enough. Here, the
fluid effect is filtered out by assuming packing under a
vacuum condition. More importantly, the gravitational
effect with respect to particle inertia can be neglected
when the system satisfies Fr = U0/
√
gH > 1, where Fr
is the Froude number (ratio of inertia to gravity). To
precisely characterize the gravitational effect, we define
the relative velocity increment as ∆U = (U − U0)/U0,
where U =
√
U20 + 2gH is the final velocity. For all
runs in the numerical simulations, we ensure that ∆U
is less than 4%. Thus the gravitational acceleration dur-
ing the dynamic deposition process can be ignored, in-
dicating that the deposition velocity can be treated as
the same with the initial inlet velocity. After the pack-
ing is formed, however, gravity still works and can’t be
neglected. As a primary concern of our work, interstellar
dust particles always transport with a relatively large ve-
locity before they form large aggregates. Therefore, the
adhesive packings simply arise due to the competition
between the particle inertia and particle-particle interac-
tions (e.g., adhesion, elasticity and frictions). Most im-
portantly, the negligible gravitational effect distinguishes
our system from that of [22, 27], which generate particles
randomly in a box without touching each other and wait
them to deposit due to gravity.
4Before the simulation, a sensitivity analysis between
the cases L = 20rp and L = 40rp was conducted with
parameters in Table I. As also shown in Table I, the dif-
ference in φ between the cases L = 20rp and L = 40rp
is negligible, indicating the L = 20rp is large enough to
reproduce bulk properties. Then, we set L = 20rp. The
physical and geometrical parameters used in the DEM
simulations are listed in Table II. In addition to chang-
ing particle size, we applied different work of adhesion
and initial velocities to explore their effects on adhesive
packings.
TABLE I: Sensitivity analysis between cases of L = 20rp and
L = 40rp.
rp L U0 ω N Volume Coordination
(µm) (µm) (m/s) (mJ/m2) Fraction Number
1 20 0.5 30 1000 0.155 2.24
1 40 0.5 30 4000 0.157 2.25
5 100 0.5 30 1000 0.265 2.80
5 200 0.5 30 4000 0.270 2.76
10 200 0.5 30 1000 0.372 3.18
10 400 0.5 30 4000 0.375 3.19
TABLE II: Parameters used in DEM simulations.
Physical Parameters Values Units
Particle Number(N) 1000
Particle Radius(rp) 1,5,10,50 µm
Particle Density(ρp) 2500 kg/m
3
Work of Adhesion(ω) 30,20,10,5,1,0.1 mJ/m2
Characteristic Length(L) 20rp µm
Particle Injection Height(H) 4× L µm
Gravity Acceleration(g) 9.81 m/s2
Deposition Velocity(U0) 0.5-10 m/s
3 RESULTS AND DISCUSSIONS
3.1 Volume Fraction
Typical packing structures and connecting networks of
loose and dense packings are shown in Fig. 1. The volume
fraction is calculated from the vertically middle part of
the packing (0.3h ≤ X ≤ 0.8h, with h as packing height),
avoiding the so-called wall effect from both bottom and
top of the packing structure. It has been well accepted
that volume fraction increases with the increment of par-
ticle size [22, 23, 27]. However, from Fig. 1 we can see
that not only the particle size (rp) but also the deposition
velocity (U0) and work of adhesion (ω) both significantly
affect mesoscopic packing structures. The increased U0
or decreased ω will result in a relatively dense packing,
FIG. 1: (Colors online) Typical packing structures with vary-
ing physical parameters. (a) stands for a basic loose packing
with rp = 1µm, U0 = 1m/s and ω = 30mJ/m
2. The other
three plots change only one physical parameter for each, which
are U0 = 2m/s in (b), rp = 5µm in (c) and ω = 10mJ/m
2 in
(d) with other parameters fixed respectively. The right part in
each plot shows the connecting network of packing structures.
Different color represents different coordination number Z.
which is primarily due to the competition between par-
ticle inertia and adhesion that will be discussed below.
Also from Fig. 1, in a very loose packing the connecting
network turns out to be like chains with only two con-
tacts for most of the particle while for a dense one there
are more small loops in the network.
We then figure out the volume fraction of all the sim-
ulation conditions under different sizes of particles (rp),
deposition velocities (U0) and work of adhesion (ω). It
is seen from the four sub-plots in Fig. 2 that, with in-
creased deposition velocity, the volume fraction increases
and then stays at a value approaching 0.64, which is
the widely accepted as the upper limit of random close
packing (φRCP ) with uniform sphere particles. However,
the extent of the increment is somewhat different under
variation of rp or under variation of ω. For instance,
for a relatively small particles (rp = 1µm), it is inter-
esting that the very loose packing (φ = 0.155) can be
achieved at a low velocity (U0 = 0.5m/s) with strong
adhesion (ω = 30mJ/m2). When the deposition velocity
grows to 10m/s, the volume fraction reaches 0.582 with
an increment of ∼ 0.427. However, when ω goes down
to 0.1mJ/m2 (nearly non-adhesive), the volume fraction
hardly changes with U0. On the other extreme, for much
bigger particles (rp = 50µm), despite the changes of ei-
ther U0 or ω, the volume fraction seems to converge to a
horizontal plane, which means the effects of both adhe-
sion and particle inertia on the volume fraction is suffi-
ciently small for big grains.
A dimensionless adhesion parameter Ad = ω/2ρpU
2
0R,
which interprets the balance between the interparticle
adhesion and the particle inertia, has been successfully
applied to physically lump together the effects of parti-
cle size, velocity and work of adhesion [34, 45]. Fig. 3
5FIG. 2: (Colors online) 3D plot of volume fraction with dif-
ferent velocities and work of adhesion under the conditions
of different sizes of particles. Left top (rp = 1µm), right
top (rp = 5µm), left bottom (rp = 10µm), right bottom
(rp = 50µm).
further extends the packing properties to both higher
and lower Ad conditions than those in [45]. In the case
of Ad < 1, the volume fraction varies smoothly from
∼ 0.50 (close to RLP) to ∼ 0.64 (RCP), with parti-
cle inertia dominating over adhesion. However, when
1 < Ad < 20, an adhesion-controlled regime is observed,
where the volume fraction decreases exponentially with
increasing Ad. Furthermore, with very high Ad(> 20),
there seems to be a lower limit of the volume fraction
which determines a physical packing. The work of adhe-
sion is increased to ω = 50−250mJ/m2 while the velocity
is decreased to 0.2m/s with fixed particle size rp = 1µm
in the simulations in order to achieve packings with very
high Ad(= 80 − 500). As indicated by the black open
squares in Fig. 3, we can see that the volume fraction no
longer decreases with Ad > 100 and the lowest volume
fraction is 0.128, which is very close to the well-known
lower bound of saturated sphere packings in d dimensions
φ = 1/2d [45, 46].
Regarding the densification with the decrease of Ad,
two potential ways of compaction may be the causes:
gravitational (or other external forces) compaction and
particle inertial compaction. Following the work of [24],
the pressure caused by these two compactions can be de-
fined as pg =
4
3ρpgrp and pi ≈ 14ρpU20 . With the param-
eters given in Table II, we get pg = (0.133 ∼ 1.63)Pa
and pi ≈ (156.25 ∼ 6.25 × 104)Pa. Thus, the com-
paction caused by gravity is negligible and particle in-
ertial compression is the most important way of densifi-
cation, which further approves our primary assumption
that gravitational effect can be negligible. Furthermore,
from the definition of Ad we can see that the compression
resulted from particle inertia has already been consid-
FIG. 3: (Colors online) Packing volume fraction as a function
of adhesion parameter. The black open squares are the cases
with strong adhesion. The red line is a fitting of φ versus Ad.
ered and characterized with respect to adhesion. When
particles are being packed, the van der Waals adhesion
forces tend to attract particles and make them stick to-
gether. On the other hand, the particle inertia which has
a quadratic correlation with particle velocity will urge
them to move and impact with other particles. If adhe-
sion is stronger than particle inertia, particles are more
likely to be caught at the incipient impacts and hardly
move or roll. Thus a loose packing structure is easier
to form. With the increase of particle size or velocity,
particle inertia will become much stronger than adhe-
sion. As a consequence, more collisions will take place
and particles tend to explore more phase space and form
a denser packing structure. Note that in some previous
studies the volume fraction is also related to the force
ratio, or the so-called Bond number, which is defined as
Bo = fc/fe [9, 47]. fc is the attractive cohesive forces
which may come from van der Waals interactions, liq-
uid bridge cohesion and so on while fe represents the
external driven forces that could be gravity [9] or aver-
age force due to external compression [47]. However, as
discussed above, the balance of particle inertia and adhe-
sion dominates our packings instead of gravity, meaning
that we can still achieve different packing structures by
changing velocities while Bo is unchanged. Therefore, for
our inertia-adhesion controlled system, Ad is more appro-
priate to characterize the mechanism than Bo, which is
often applied in gravity-cohesion controlled system.
As mentioned above, the volume fraction seems to de-
crease exponentially with the increasing Ad under condi-
tions of Ad < 20, such that an approximately liner fit can
be well obtained by using the log-plot of φ0−φ ∼ Ad, ex-
cept those points with a certain fluctuation under extra
lower Ad parameter (e.g Ad < 0.01). φ0 is an asymptotic
packing fraction value without adhesion effect. It may be
close to the RCP limit of φRCP = 0.64 since the inertial
compression exceeds the frictional force in current par-
6ticulate system. Therefore, a power-low relationship is
proposed as
φRCP − φ = αAdλ, (10)
The parameters α and λ can be obtained as α = 0.134±
0.005 and λ = 0.513± 0.016 by a best fitting. Therefore
the relationship is φRCP − φ = 0.134Ad0.513, which is
also plotted in Fig. 3 as a red line. The inset of Fig. 3
shows the log-log plot of this relation, from where we can
see the linear part of (φ0 − φ) ∼ Ad along with the tran-
sition to the lower limit when Ad > 20. Basically, this
relationship connects the lowest volume fraction and the
well-known random close packing limit smoothly via a
simple parameter Ad, though the intrinsically underlying
physics behind this relationship still need to be further
explored.
Here more discussion is essential with respect to the
scaling of Ad as it indicates a universal prediction that
the limit of small Ad will lead to only RCP instead of
RLP. From the definition we know that Ad is inversely
proportional to the square of particle velocity which
will result in the compression caused by particle inertia.
Thus, the very small values of Ad are mostly obtained
with large velocities instead of large particle sizes or
weak work of adhesion and the compression will make
the packings denser and approach RCP. However, RLP
is indeed reached in our results, which is only in a
small range of Ad (around 0.1). This contrasts with the
previous friction-dependent RLP results since friction is
finite and fixed in this work. With the tuning of Ad,
transition from RLP to RCP can also be realized without
changing friction. As the effect of friction on adhesive
packings is not a main concern of this study, we leave it
to the future work. On the other hand, all the results
with Ad > 1 are below RLP, which approve the critical
value of Ad = 1 that distinguishes adhesive packings
from adhesive-less ones. Therefore we can define four
regimes from the results in Fig. 3: RCP regime with
Ad <∼ 0.01, RLP regime with ∼ 0.01 < Ad < 1, adhe-
sion regime with 1 < Ad < 20 and an asymptotic regime
with Ad > 20, where the packings begin to approach
the lower limit φ = 1/23 that is not determined by any
physical parameters like adhesion, inertia or friction.
3.2 Coordination number
Coordination number (Z), defined as the number of
neighbours touching a given particle, is introduced to
characterize the packing structures. We calculate Z by
judging whether the distance of the centers of two par-
ticles is smaller than the sum of their radius. Thus this
Z is the geometrical coordination number since it is de-
fined with a criterion of geometric relation that doesn’t
include any forces. The mean coordination numbers of
all the simulation cases are plotted in Fig. 4 as a function
FIG. 4: (Colors online) Coordination number as a function of
adhesion parameter. The black dash lines represent Z = 4,
Z = 6 and Ad = 1 respectively. The red line is a fitting of Z
versus Ad.
of Ad. We can see that for Ad < 1 the coordination num-
ber lies indeed within the isostatic limits d+ 1 ≤ Z ≤ 2d
where d is the spatial dimension. As mentioned in the
computational method section, all of our packings remain
frictional with fixed friction coefficient µf = 0.3 so that
the coordination number Z does not reach the isostatic
limit Z = 6 (of frictionless particles) at Ad < 1. For
micron-sized particles, friction is often coupled with ad-
hesion and is complicated to single out. Thus we don’t
pay much attention to the effect of friction on adhesive
packings for the present work. However, for Ad > 1 the
coordination number falls on a unique curve, analogous
to the φ dependence. We figure out a fitting line of Z ver-
sus Ad as Z = 3.915−1.113log(Ad). Similarly, there also
seems to be an asymptotic value of coordination number
when Ad > 20, where the lowest Z reached in our sim-
ulations is Z = 2.09 with Ad > 100. For these very
loose packings, as shown in Fig. 1, the packing structure
is mainly composed of particle chains with coordination
number equal to 2. However, to expand the whole pack-
ing structure some cross-links in the network are essen-
tial, which will result in a local coordination number at
least of 3 or 4. Meanwhile, there are also some parti-
cles hanging at the end of the chains leading to a local
coordination number of 1. Therefore, the average coor-
dination number of the packing is going to be around 2.
Regarding the stability of these particles with two or less
neighbors, the existence of adhesion still guarantees the
mechanical equilibrium. The negligible gravity can be
balanced through adhesion and friction and thus these
particles can be easily stabilized.
Apart from the Z ∼ Ad curve, we also investigate the
distribution of coordination number. Typical cases are
picked among all the simulations to display the common
features. As shown in Fig. 5, in the packing with the
7FIG. 5: (Colors online) Distribution of coordination number
for different volume fraction and Ad. The solid lines are nor-
mal distribution fit.
lowest density, most of the particles have coordination
number in the range of 1 ∼ 4 with a mean value 2.24.
With the increase of volume fraction, the distribution
of Z shifts to the right (larger values) and becomes
wider. It’s also noted that the distribution of coordi-
nation number is symmetric and shapes like normal
distribution. Hence we made a normal distribution fit
and the results are listed in Table III. As we can see, the
normal distribution fits well with the data, indicating a
ubiquity of normal distribution of coordination number
in random packings of uniform spherical particles.
TABLE III: Average packing properties of different Ad along
with a normal distribution fit of Z.
Case a b c d e f g
Ad 48 9.6 4.8 2.4 0.96 2.5e-4 8.9e-5
φ 0.155 0.265 0.372 0.436 0.536 0.642 0.641
Z 2.24 2.80 3.18 3.49 4.11 4.77 5.69
Fit of Z 2.166 2.738 3.035 3.319 3.761 4.505 5.648
Variance 0.841 0.992 1.109 1.136 1.274 1.272 1.334
3.3 Radial distribution function
Radial distribution function g(r), which describes
the probability of finding a particle at a distance r
from a given one, has been widely used to depict the
interparticle correlations and characterize the packing
density as well as the coordination number. Fig. 6 shows
the radial distribution function g(r) of typical packings
listed in Table III with various Ad. For loose packings
with φ < 0.4, we apply dr = 0.05dp to calculate the
g(r) while dr = 0.02dp for dense packings with φ > 0.4.
There seems to be three stages of the evolution of the
g(r) with respect to the increasing of volume fraction.
(i) Firstly, the g(r) of very loose packings (about
φ < 0.3) drops below g(r) = 1 instantly after the first
peak and then gradually rises to the second peak which
is inconspicuous here but implies the second contact
shell of typical structural features of random packings
of granular spheres. The feature that the lowest valley
of g(r) is close to r = dp indicates a very low probability
to find a particle just outside the first contact shell.
The gradual increase from the valley to the second
peak directly describes the greatest possibility to find
a particle at the distance r = 2dp, accounting for the
chainlike structure of very loose packings. After the
second peak the g(r) becomes almost flat, indicating a
uniform probability to find a particle outside the distance
of r > 2dp. (ii) When the volume fraction grows larger
(about 0.3 < φ < φRLP ), no valleys with g(r) < 1 appear
and the second peak becomes more and more evident
along with a flat plateau after r > 2dp as well. This
characteristic reflects the uniform probability of finding
particles between r = dp and r = 2dp for typical random
loose packings besides the strong peak at r = 2dp which
grows up with the increasing of packing density. (iii)
Further, as packing becomes denser, approaching the
random close packing, valleys of g(r) < 1 appear again
together with other peaks at typical distance r =
√
3dp,
r =
√
7dp and r =
√
13dp. The valley with the peak
at r =
√
3dp depicts the adjacent local ordering that
four particles form two edge-sharing in-plane equilateral
triangles, which is part of the densest packing structure.
Despite the ordering at farther distance represented by
other peaks, the not-sharp and wide peaks still can’t
make the packings reach the densest structure like face
center cubic (FCC). In fact, it’s always improbable to
obtain FCC with random packings since the possibility
of achieving both the local and global ordering struc-
tures of FCC at the same time is almost zero. Only by
sufficient compression or vibration can one get a rather
dense packing which might be beyond the random close
packing. However, no matter how dense the packing
is, the g(r) should resemble that of stage 3 since g(r)
describes the spatial correlations which are defined
geometrically. Despite that the features of g(r) found
in our simulations are in consistent with results from
[22], nonetheless, it should be noted that g(r) only has
relation with volume fraction which can be tuned via
not only particle size [22] but also Ad. A broad range
of volume fraction and various packing structures can
be achieved by tuning Ad. The three stages of g(r)
describe the evolution of packing density and structure of
adhesive micron particles, which bridges the loosest and
densest random packings through a simple parameter Ad.
3.4 Force distribution and mechanical equilibrium
For loose packings of adhesive particles, especially for
the very loose packings with mean coordination num-
ber 2 ∼ 4, it is of great interest how the particles get
mechanical equilibrium, or what the force distribution
8FIG. 6: (Colors online) Radial distribution function for pack-
ings with different Ad.
is like. To investigate these properties, we measure the
force of every contact. Fig. 7 displays the signed nor-
mal force network and distribution of four typical pack-
ings we have achieved, which are also among the cases
listed in Table III. Here the signed forces means they
could be both attractive and repulsive forces between
two contact particles. Forces signed negative are repul-
sive while the positive forces are attractive. It can be
directly inferred from Fig. 7 that both attractive and re-
pulsive forces appear for all the packing densities. This
property distinguishes the packing of adhesive particles
from that of adhesive-less granular matters where all the
forces are repulsive. Furthermore, for low packing den-
sities (φ = 0.155, 0.372, 0.536) the number of attractive
forces seems to be the same as repulsive forces, implying
a symmetric distribution of signed normal force. With
the relatively high packing density (φ = 0.641), the num-
ber of attractive forces gradually decreases and the force
network resembles the granular matter behaviour (see the
right bottom of Fig. 7). The cause of this behavior can
be related to the dependence of φ on Ad. From Fig. 3 we
know φ increases with the decreasing of Ad, which rep-
resents the strength of adhesion. A relative decreasing of
Ad will then lead to the reduction of attractive forces.
Another important property of the force network is
that, no matter what the packing density is, most of the
forces are around zero which identifies the small forces
behavior. In order to study this behavior, we measure
the unsigned force, namely the magnitude of the attrac-
tive and repulsive forces. Fig. 8 shows the distribution of
both unsigned normal and tangential forces of the typical
adhesive packings that listed in Table III. The plateau at
the biggest forces and the deviation of the smallest forces
are believed to be caused by the finite size effect, where
the probability of finding the biggest or smallest force
should be around 1/NZ ( 10−3 to 3 × 10−4 here). We
find the similar scaling P (f) ∼ fθ for small forces as well
FIG. 7: (Colors online) Signed normal force network and
distribution of typical packings of adhesive particles. Neg-
ative values are repulsive while positive are attractive. All
the forces are normalized with the mean value of the magni-
tude of normal forces. Case (a)(c)(e)(g) are consistent with
the cases listed in Table III.
as the power law P (f) ∼ exp−βf for big forces [48–50].
However, the exponents are θ = 0.879, β = 0.839 for
normal forces while θ = 0.848, β = 0.888 for tangential
forces, respectively. These exponents are distinct from
the reported values of θ ≈ 0.2 ∼ 0.5 and β ≈ 1.0 ∼ 1.9
for adhesive-less packings [48–50]. The exponential decay
of big forces for non-adhesive packings can be predicted
by the “q model”, in which the total weight on a given
particle is transmitted randomly to its nearest under-
neath neighbours with different fractions qij of load on
each particle [51]. With the sum of the fraction equaling
to one, the sum of all the force components in the vertical
direction is conserved. Nevertheless, this q model is still
too simple to account for the force behaviour of adhesive
packings for two reasons. One is that only the vertical
forces are considered. The other is that the existence of
adhesion weakens the load that the underneath particles
carry from the upper ones. Thus it might lead the frac-
tion qij to be negative, where the forces between two con-
tact particles are attractive. But we still speculate that
the adhesion will not make much effect on the distribu-
tion of big forces. On the other hand, for small forces, it
is reported that they have a close relation with the stabil-
ity of packing. Contacts carrying small forces which are
repulsive for granular matters are easy to break. How-
ever, for adhesive particles, the process of necking will
take place and a critical pull-off force FC needs to be
reached to separate two contact particles. Thus contacts
with small forces in adhesive packings are relatively more
stable, no matter attractive or repulsive. Regarding the
exponents, we conjecture that the very small and very
big repulsive forces in granular packing will not likely ex-
ist in the presence of adhesion. The very small repulsive
forces could be enhanced while the very big ones will be
weakened by attractive adhesion force, which will result
in the shrink of the force distribution. Therefore the ex-
ponent θ of small forces will increase a little and β of big
forces will decrease. However, this is just a qualitative
analysis where there have been few data or theory to sup-
9FIG. 8: (Colors online) Unsigned normal (a) and tangential
(b) force distribution of typical packings of adhesive particles.
Case (a) (g) in the legend are consistent with the cases listed
in Table III.
FIG. 9: (Colors online) Schematic diagrams illustrating the
stress distributions and force balance of two contact particles
for Hertz (a) and JKR (b) contact models.
port. More insight from both experiment and theoretical
efforts is left to future work.
For granular matters without adhesion, at least three
particles (in 3D) are usually needed to support one and
make it mechanical equilibrium. However, for the very
loose packings of adhesive particles, many particles only
have one or two neighbours which are not able to achieve
mechanical equilibrium in terms of granular matters. In-
deed, these particles can still be mechanically stabilized
for two reasons. The first is the adhesive attractive force
caused by van der Waals interactions that are especially
prominent for micron-sized particles. The other one is
friction as well as the negligible gravity compared with
van der Waals force. Next we will conduct the mechan-
ical equilibrium analysis and explain qualitatively why
adhesive particles can be stabilized more easily.
For convenience and better illustration, two contact
particles p1 and p2 in 2D are drawn to interpret the me-
chanical equilibrium (see Fig. 9). θ is the angle between
the contact surface and the horizontal and a is the radius
of the contact surface. Fig. 9 also illustrates the stress
distributions of Hertz and JKR contact models, which are
used for adhesive-less granular matter and our adhesive
packings, respectively. For both models, the stress dis-
tribution is symmetric. However, stress in Hertz model
is totally repulsive while that in JKR model is repul-
sive in the central part and attractive on the rim of the
contact surface. The unknown forces that act on p1 are
the tangential force ft and two normal forces fn1, fn2
simplified by the stress distribution. When the angle θ
and the external force Fext are known, two equations of
force balance and one equation of torque balance can be
solved to figure out the three unknown forces, indicating
an isostatic condition. Here Fext could be gravity, elec-
tric force or other kinds of external forces that act on the
particle. Usually, the particle p1 will start to slide or roll
over p2 as θ and Fext reach some critical values, which
is the cause of rearrangements in a packing. However,
due to the presence of adhesive forces, the critical sliding
force is greater than that of non-adhesive particles (see
Eq. 9), meaning that particles with adhesion are more
difficult to start sliding. For rolling, on the other hand,
when two contact particles start to roll or have the ten-
dency of rolling, the front side of the contact surface is
compressed and the rear side will still be in touch until
the critical pull-off force FC is reached, instead of de-
tach immediately when there is no external force. As a
consequence, the simplified normal forces fn1, fn2 will
consist of a repulsive force on the front side of rolling
and an attractive force on the rear side, while the two
normal forces are both repulsive for adhesive-less par-
ticles (see the normal forces in Fig. 9 indicated by the
red arrows). The two normal forces of adhesive parti-
cles will generate torque of the same direction, resulting
in greater rolling resistance. In this case, particles with
adhesion can support larger external forces as well as be
stabilized within a wider range of θ with constant exter-
nal forces. Based on the above analysis, an equilibrium
diagram is plotted with the parameters used in our work
to demonstrate the equilibrium region in terms of angle
θ and external force Fext. Fig. 10 shows two series of
equilibrium lines, the rolling equilibrium (re.) line and
the sliding equilibrium (se.) line, under which the area
indicates the equilibrium region that the particle will not
roll or slide over another. We can see that with very
low external force, the adhesive particles can even be
stabilized with θ = 90◦. Then when the external force
grows larger, the angle θ decreases fast and reaches about
θ ≈ 0◦ when the force further grows, implying that par-
ticles can only be stabilized when they are placed almost
vertically. Also we found that the rolling equilibrium line
lies under the sliding equilibrium line, shifting to left with
increasing particle size, which means that rolling equi-
librium breaks ahead of sliding and the larger size the
particle is, the more easily it will roll. This is in agree-
ment with the statement that sliding is relatively rare
for small adhesive particles while rolling is generally the
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FIG. 10: (Colors online) Equilibrium diagram of two contact
particles with JKR contact model. The solid line stands for
the sliding equilibrium (se.) line. The dash, dot and short
dash lines are the rolling equilibrium lines (re.) for the par-
ticles in our simulations with rp = 1µm, rp = 10µm and
rp = 50µm respectively. The short dot line represents the
equilibrium line of Hertz contact model. The shady area in-
dicates the equilibrium region of rp = 50µm.
preferred deformation mode for agglomerates of adhesive
particles [18]. For comparison, the equilibrium line of
Hertz model is also plotted in Fig. 10 as indicated by the
short dot line. The particle without adhesion can only
reach equilibrium in a tiny range of θ(< 2.5◦). This is
because in Hertz model the normal force fn1 on the rear
side of the contact surface must be repulsive and thus
cannot provide additional rolling resistance like that in
JKR model, leading to probable rolling motion. After all,
from the analysis above, we conclude that particles are
able to get mechanical equilibrium with fewer neighbors
than adhesive-less granular matter due to the existence
of adhesion.
CONCLUSIONS
In this paper, random loose packings of uniform spheri-
cal micro-particles are investigated by using particle-level
DEM simulations on the basis of adhesive contact me-
chanics. The packing structures arise from the compe-
tition between particle inertia and adhesion. A charac-
teristic adhesion parameter (Ad) with respect to particle
inertia is used to account for the combined effect of par-
ticle velocity, size and adhesion. When 1 < Ad < 20, the
volume fraction and coordination number are uniquely
dependent on Ad, resulting in a new regime of adhesive
loose packing. As Ad grows above 20, the packing prop-
erties approach φ = 0.125, Z = 2 and no longer changes
with Ad, confirming the asymptotic adhesive loose pack-
ing limit. On the other hand, with Ad < 1, indicating
a weak adhesion, the packing properties go back to the
range between RLP and RCP. A simple form of equa-
tion φRCP − φ = αAdλ is figured out to interpret the
relationship between volume fraction and adhesion pa-
rameter, where the lowest volume fraction is achieved
with Ad > 20. Furthermore, the force distribution of ad-
hesive packings resembles that of adhesive-less ones with
P (f) ∼ fθ for small forces and P (f) ∼ exp−βf for big
forces. The distinct exponents of θ = 0.879, β = 0.839
found for normal force are supposed to be the results of
the shrink of the force distribution. We conjecture that
it is caused by the enhancement of very small forces and
weakening of very big forces, respectively, in the pres-
ence of attractive adhesion forces. Mechanical equilib-
rium analysis shows that the attractive normal forces on
the rear side of the contact surface of adhesive particles
can provide additional rolling resistance such that they
are more easily stabilized with lower coordination num-
ber than non-adhesive granular matter.
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